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ZELEVINSKI ALGEBRAS RELATED TO
PROJECTIVE REPRESENTATIONS

M. BEAN AND P. HOFFMAN

ABSTRACT. We define L-PSH-algebras, and prove a classification theorem
for such objects. The letters refer respectively to a ground ring L and to
the positivity, selfadjointness and Hopf structures on an algebra, the basic
example of which occurred in the study of projective representations of Sy.
This is analogous to an idea over Z due to Zelevinski in connection with linear
representations.

In [Z, Chapter I], Zelevinski introduced PSH-algebras and applied them to the
ordinary representation theory of the symmetric group, monomial groups and ma-
trix groups. See also [H, pp. 81-86] and [L] for related less comprehensive results.
A PSH-algebra is a commutative Z-algebra with several pieces of extra structure:

(i) a grading over the nonnegative integers N;

(ii) a comultiplication making it into a Hopf algebra;

(iii) a specified basis as a free Z-module.

Appropriate axioms relate these structures.

Zelevinski gave a complete classification of PSH-algebras, each being isomorphic
to a tensor product of atoms. There are countably many atoms, differing from
each other only by “simple regrading” —that is, multiplying all gradings by a fixed
positive rational. As (ungraded) rings all atoms are Z[z;,z2,...], with degz; =
idegz;. Representation theorists interpret this object as @R(S;) (with R(S;) in
the ith grading if degz; = 1); algebraic topologists as H*(BU) (with degree as
dimension, the Chern class z; having degree 27); and undergraduates as the ring of
stable symmetric functions (with degree as the usual polynomial degree).

In [H-H], John Humphreys and the second author introduced an algebra struc-
ture in the graded group whose components are the Grothendieck groups of “neg-
ative representations” of certain double covers S, and A, of the symmetric and
alternating groups. Except for a few small n, these groups have elements which
can be interpreted as formal differences of the projective representations of S, and
An. More generally for finite G, the coverings G1S, and G1 4, yield an object
which is a tensor product of atoms, each atom isomorphic to a simple regrading of
the above object (which is the object obtained when G is trivial).

This suggests that there may be an abstract notion and structure theorem analo-
gous to Zelevinski’s (and perhaps a common generalization but that is not pursued
here). Below we give the appropriate definition, and prove a structure theorem. Es-
sentially what must be done is to change the ground ring Z to a certain Z /2-graded
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ring L, and to chanse the N-grading to a (Z/2 x N)-grading of abelian groups (in
fact it is an N-grading of Z/2-graded L-modules).

In §1 we give a slight generalization of Zelevinski’s (strictly commutative) result
to the graded commutative situation. Here, up to simple regrading, there are two
atoms

(i) Z[z1,z2,23,...]; dimz; = 2in, some n > 0 (polynomial algebras as before,
but degrees are even),

(ii) Z[y]/y?; dimy = 2n — 1, some n > 0 (exterior algebras on a single odd
dimensional generator).

This helps to motivate our classification of atoms, where up to simple re-grading,
there are four atoms, the structure depending on the biparity in Z/2 x Z/2 of the
bidimension in Z/2 x N of the “bottom” generator.

In §2 we make the appropriate definitions, give a few general results, and state
the theorems. In §3 we prove the decomposition theorem, and in §4, the structure
theorem for atoms.

1. Zelevinski’s theorem in the graded commutative category. Define a
Z-PSH-algebra exactly as in [Z, pp. 12-18], except that the Hopf axiom:

(H) A: R - R® R is a ring homomorphism,

is qualified by requiring the multiplication in RQ R to be (z® y) - (z' ® ¥') =
(—1)des =’ degy g’ @ 4 (Zelevinski does not have the sign in his conventions). The
analogue of Zelevinski’s Proposition 1.6 (that associativity follows from the other
axioms, as does commutativity) holds here with the same proof, except that commu-
tativity is interpreted in the graded sense: zy = (—1)de8()deg(¥)yz Furthermore
his decomposition theorem [Z, p. 22] holds with no changes. Thus each Z-PSH-
algebra is a graded tensor product of “atoms”, where an atom by definition is a
Z-PSH-algebra with a unique irreducible primitive element. In order to satisfy the
modified (H) above, the “atom” studied in [Z, pp. 27-42] must have all its nonzero
elements in even degree. The analogous structure theorem for atoms holds modulo
stating:

(i) In (g) [2Z, p- 28] R is unique up to isomorphism in being an atom whose
irreducible primitive is in degree 2, and any atom whose irreducible primitive is in
even degree is isomorphic to a simple regrading of R.

(ii) For any odd integer 2n + 1 there is a unique atom with irreducible primitive
of grading 2n + 1. Its ring structure is S = Z[y]/(y% = 0), with comultiplication

Ay=1Qy+y®1,

and with {1, y} being the specified basis.

It is easily verified that S is a a Z-PSH-algebra. It remains only to prove that
S is unique up to isomorphism, once degy is fixed.

Let S’ be an atom whose irreducible primitive ¥’ has odd degree. Then 2y'2 =0
by commutativity, so y’> = 0 by freeness. All nonzero irreducibles s’ € S’ satisfy
(s',y"t) # 0 for some t. Thus S; = 0 for all ¢ # 0 or degy’. By connectedness,
Sp = Z generated by 1. If degs’ = degy’, then (s',y’) # 0. Thus Si,,,, = Z
generated by y’. Therefore S’ = S as Z-PSH-algebras, with ¥’ — y determining
the unique Z-PSH-isomorphism between them.
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2. The ring L and PSH-algebras over it. As in [H-H, p. 3.8] define the
Z/2-graded ring L to be Z[)\]/(A3 = 2)) with degree A = (1) € Z/2. Thus

L;y)=Z with generator A,

and
Loy=Z®Z with generators 1 and p:= A2 1.

An L-PSH-algebra K is defined to be an N-graded Z/2-graded L-module with extra
structure. Thus, as an abelian group,

K= P Ky,
()ez/2
JEN
is Z/2 x N-graded. For each j € N, K(o),; ® K(1),; is a Z/2-graded module over L
(so L(s) - K(3),; C K(i+s),;)- The extra structure is as follows:
(i) K has the structure of an N-graded Hopf algebra over L with a “twist”. That
is, we are given maps of N-graded modules over L

mK,K—-K, A:K—-KQLK,
e:L—-K, e:K—L

making K into a Hopf algebra, the twist being that, in defining the algebra and
coalgebra structure maps for K @, K, one uses the shuffle map:

a®b®c®d S p+ia®c@bed

where b € K¢ ; and ¢ € K ;.

(i) We are given a set I of homogeneous elements in K with the following
properties: (a) z € I implies z # pz € I. (b) For some X C [ satisfying both
(z € X implies px ¢ X) and (I = X Up- X) (X is a cross section), we have that K
is a free L-module with basis X. It follows that any cross section is a basis over L,
and that K is a free abelian group with basis T U Al = X U pX U A X.

Elements of I are referred to as irreductbles. Furthermore

K>XKkAK'ZK

is an exact sequence. By requiring X to be an orthonormal basis, we obtain a
symmetric inner product ( , ): K ®, K — L which is independent of choice of
cross section X for given I.

Axioms connecting these structures are (P) and (S) below:

(P) The maps m,A,e,e* are all positive maps in that the set of nonnegative
integer linear combinations of the above Z-basis and the obvious derived one in
K ®1 K are preserved.

(S) The pairs (m,A) and (e, €*) of morphisms are adjoint with respect to ( , ),
using ((a®b, c®d)) = (a, c)(b, d) to determine the derived inner product on K® K.
Note that (, ) is strictly symmetric and that the shuffle map is used without the
sign p*8+% in defining (( , )).
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PROPOSITION 2.1. Associativity of m and A follow from the other assump-
tions. Futhermore m and A are pseudo-commutative in that zy = p¥+yz for all
T € K¢ i and y € K;; and dually for A:

A K::® Ks,;

Keisitj T

A Kg,j ® Ks,»i

commutes, where T(z ® y) = p* Iy @z for z € K, ;, y € K5j. Note that p is not
—1.

This follows exactly as in [Z, 1.6].

DEFINITION. An L-PSH-algebra K is an atom iff PN X is a singleton for a cross
section X in I, where P is the set of primitives for A. (Equivalently PN I is a
doubleton, invariant under p, so this is independent of choice of X.)

PROPOSITION 2.2. Any tensor product of L-PSH-algebras has again the struc-
ture of an L-PSH-algebra if we define the set of irreducibles to be

{xal ®xa,2®.“®zan: nZ 1’ Za; eIK°i}'

The proof is straightforward. Note that products and coproducts are defined
using the “sign” p?4+% when shuffles take place (whereas this does not apply to the
inner product).

THEOREM 2.3. Every L-PSH-algebra is isomorphic to a tensor product of
atoms.

This will be proved in the next section using methods similar to Zelevinski’s.

THEOREM 2.4. For each ((2),7) there is up to isomorphism ezactly one atomic
L-PSH-algebra K whose irreducible primitive ky has degree ((2), 7).

If i+ 7 is even, there exist irreducibles ky € K(in),jn Such that

(i) K = L[ky,ka,...] as an L-algebra;

(i) A(kn) = Y50 ks ® kn—s (where ko = 1).

If i + 7 is odd, for n > 0 there exist irreductbles

. { Kmt1),n (i even),
n € .
Kayjn (2 odd)

such that
(i)' K = Alg;{k1,ks,...}/I, where I is the ideal generated by
n—1
k2 — (=1)"*1) (Icg,, +A Z(—l)skskgn_s) “squaring relations”
s=1
and by
— pmitntlp [ Y
{ knkm = ¢ men (2 even) “pseudocommutativity relations”,
knkm — pkmkn (7 odd)

(i) Alkn) =kn @1+ 1@ ky + A" ks ® kns-
This will be proved in §4.
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3. Proof of Theorem 2.3. Let (K,I,m,A) be any L-PSH-algebra. Choose a
cross section X C I. Let P be the L-module of A-primitives in K. For z € PN X,
define I(z):= {y € I: 3n > 0 with (y,z") # 0}. Then X(4):= I(z) N X is a cross
section of I(;). Let K(;): = Spany, I(;) = Spany, X(;). Then we shall prove:

(A) (K(z): I(z), m|K(z) ® K(z),A|K(z)) is a sub-L-PSH-algebra of K.

(B) Multiplication defines an isomorphism @, cpnx K(z) — K of L-PSH-
algebras.

LEMMA 3.1. Suppose Y C P and satisfies (y,y') = 0 for all elementsy #y' in
Y (for ezample Y = PNX). Then if ally;, y; are in Y, we have (y1 - -~ yr, ¥} - ¥5)
=0 unless r = s and (y},...,y,) is a re-arrangement of (y1,...,Yr).

PROOF. Proceed by induction on r. For r = 1, the case s = 1 is a hypothesis.
If s> 1, we get
(Wi vh 1) = (11 ® 1+ 1@ y1,¥, ® (yhys -~ ¥5)))
= (YL L vz ye) + (L) (Y1, 95 - %)
= (y1,41) -0+ 0(y1,92 - y5) = 0.
For the inductive step

(Y192 - "yn?/iy'z T 3/;)

((Ayr- ), 91 ® (¥2 - ¥5)))

<<H(yz®l+1®yz) Y ® (v y§)>>

= Z Yii Yiz "'yik’yll)@:ix "'yjr—k’yé "'y.I9>Pa

where p© is an irrelevant factor depending on (73, - - ,%x) and the summation is over
all subsequences (i1, ...,1) of (1,...,r) with (j1,...,jr—k) being the complemen-
tary subsequence. By symmetry and the inductive hypothesis, (yi, - ¥i,,%1) =0
except when k = 1 and y} = y;,. The summation reduces to

E(ylyz YW+l Y Yo Ye) P

summation over all 7; for which y;, = y}. The result is now clear by induction.

Choose some arbitrary linear order for PN X. For w: PN X — N with finite
support, define 7, = Hze PAX £*(®) multiplied in the order given. m, depends on
the ordering and on choice of X only up to a factor p € L. Let

X, ={z€eX: (z,7,) #0}.
Let
K, = Span X,,.
Then K, is independent of choice of X and of ordering chosen.

LEMMA 3.2. (i) X is the disjoint union of the X,,. X(g) is the disjoint union
of X, for w with support C {z} (that i3, w(z') =0 for =’ # z).

(ll) K= ew Ko; K(T) = ®Bupport wC{z} K.

(iii) K, K, C Koytwr.

(IV) A(Kw) C @{(wl‘wll):wl_’_wH:w} Kw’ ® Kw”~
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PROOF. (i) To prove disjointness, suppose zo € X and (zo,7,) # 0 # (Zo, Twr).
By positivity
Ty = Zaxa:, ot = Za;z
X X

for certain a; and o, in L4:=N-1+N:p+N-) C L. Let L* denote the set of
nonzero elements in L. Since

L* + Ly c L* > (L*)  (L#)

and by assumption oy, and o}, are in L#, we get

_ ’ /
("w77rw’> = Qg Qg + § : Oz Oy
1#$o

isin L#* + L, c L#. Thus (m,,7.) # 0, so w = w’ by 3.1 as required. To
prove X = |J,, X., suppose zo € X\(U, X.) and z¢ has smallest grading among

elements with this property. Now zg ¢ P since then zo € X, for that w sending
Zg to 1 and all other z in X N P to 0. Write the coproduct

Azg =79 ®1+1Q 39 + Z#z',z"l" ®z"

summation over certain (z’,z"”) in X with degz’ < degzo > degz”. By positivity
each pg 47 € Ly and for some (20, 24), fzo,cy 7 O since zo ¢ P. By choice of zo,
for some w’, w" we have zg € X, 25 € X,». But then

(z6,7rw:) (S L#, (Ig,ﬂ'w//) (S L#.
Thus for some irrelevant «,
(20) Twr4w) = (To, P* T Teyrr)
= p*{{Azo, T ® Tr))
= po: Z Kz z' (x/, 7l‘wl)<:l:”, 7rw”>~
Each factor pyr 2, (z',m,) and (2", myr) isin Ly, and pgy g2, (20, Twr)s (ZQs Twr)
are nonzero, so (Zg, Ty +w~) # 0. This shows g € X4, a contradiction estab-

lishing that X = J_, X,,. The definition of X(;) shows that it is the union of those
X,, for which wz’ =0 for all 2’ # z.

(i)

K = Span; X = Spanj, (UXW)

w

= DSpan(X.) = P k..

w

where () holds because of disjointness and freeness. Similarly

Ko = P K.

wz'=

Vz'#zx
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(iii) It suffices to show X, - X C K,4o~. We show that if 2’ € X,,», 2" € Xy,
z € X and (z'z",z) # 0, then (z,my4,7) # 0. It suffices to show ((Az, 7, ®
mur)) # 0, which follows since Az is an L -linear combination of {z; ®z;: z; € X}
where the coefficient of 2’ ® z” is nonzero, since it is ((Az, 2’ ® z")) = (z,z'z").
(iv) is immediate from (iii) and self-duality.

LEMMA 3.3. Multiplication gives an isomorphism
Kw/ ®L Kwu — w/ 4w’
for all (W', w") with disjoint support (i.e. w'z # 0 implies W'’z =0.)

PROOF. Elements z’ ® z”/, with 2’ € X, and z” € X,», of an L-basis for
K. ®1 K, map to p*z'z" for some o. Thus it suffices to prove that if w’ and w”
have disjoint support, then:

() Xorpwr = {pPE 2 V2'2": o' € X, 2" € X,n} for some choices of B(z’,z")
=0orl.

(ii) If {z'z",pz’'z"} = {¥'y",py'y"} for 2',y’ in X, and 2",y" in X,» then
¢ =y and 2" = y".

But (i) and (ii) follow easily from

(iii) (z’z”,y’y”) =(z',y') - (z",y") for 2’ and ¢’ in X+, " and y” in X, with

w' and w" of disjoint support.
Deduction of (ii) is immediate. To deduce (i), we have z'z" positive and (z'z", z'z")
=1so z'z"” € I. Thus z'z" or pz'z" is in X, and therefore in X4~ by 3.2. These
products exhaust all of X/, since m/4,» = p*7, Ty is a linear combination
of {z'z": 2’ € X,,s, " € X,,»}. To establish (iii) write

— ! " _
—E a, w2 ®w, Az E oy LUV

zeX ueX
weX veX

)

where all o}, ,, and o] ,, are in L. Then
(zlxll,y yll> — ((A(ZIIII) yl ®yll))
Z azw uv zu y (wv?y”)'

u,v,w,2
By 3.2(iv),
o, ., =0unless z € X, w€ X, with wy +ws = w’,
oy, , =0 unless u € X,,;, v € X, with w3 +wy = w"
Then
2u € K, +uws, 50 (2u,y’) = 0 unless wy + w3 = w'
and

wv € Ky twes 50 (wo,y”) =0 unless wy + wg = w".

Thus (z'z",y'y”) = 0 unless all four equations hold. But then ws = wj;. By
disjointness of supports of w’ and w”, we find wy = w3 is zero. So w = u = 1,
z=1,v=1",0a,, =1,aqa,, =1 This completes verification of (iii) and proof of
3.3.

To complete the proof of 2.3, first consider (A). That K ;) is a sub-Hopf-algebra
of K is immediate from 3.2(ii), (iii) and (iv). By 3.2(i), X(s) is a basis for K over
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L such that the associated inner product is ( , )|k, ,®k,,- Axioms (P) and (S)
are immediate for K(;). Finally to check (B), injectivity of the map is immediate
from 3.3 since every element of @ cpnx K(s) (defined by direct limits if PN X
is infinite) is in the image of K(;,) ® K(,) ® --- ® K(;,) for some sequence of
distince z; € P N X. Surjectivity also follows from 3.3, since K = @ K, and K,
is in the image under multiplication of K(;,) ® K(5,) ® - - - ® K(,) where support
w={Ty,...,Ts}.

This completes the proof of Theorem 2.3. Referring back to (A) and (B) before
2.3 and to the definition of K (), we have the following important corollary to the
proof.

COROLLARY 3.4. If K is atomic with irreducible primitive z, and y is any
irreducible, then for some integer n > 0 we have (y,z™) # 0.

4. Structure of atoms—Proof of 2.4.

LEMMA 4.1. The four cases ((z),7) = ((0),1), ((0),2), ((1),1), and ((1),2)
tmply all the other cases in Theorem 2.4.

PROOF. An atom K with irreducible primitive in degree ((z), 7) will be trivial in
all dimensions ((z'), ') for which j ¢ 7/ by Corollary 3.4. If j is odd we may divide
all Z-degrees by j, and if j is even, by 7/2. The result is still an L-PSH-algebra
since the pseudocommutativity is sensitive only to j (mod 2). Thus we have a 1-1
correspondence between atoms with parameters ((z),7) and those in one of the four
cases, as required.

LEMMA 4.2. There exist four L-PSH-algebras as described in Theorem 2.4 with
gradings as in 4.1.

PROOF. In [H-H2], double coverings of H? S, are constructed. Suitable se-
quences of these (varying n) give L-PSH algebras when the functor T* of that
paper is applied. The data for such a construction includes coverings G for H and
S}, for S,. As noted in [H-H2] we obtain a unique irreducible primitive for each of
the four choices below, these primitives having the correct grading and the algebras
having the correct structure. When j = 1, take S, to be the essential covering S,
studied in [H-H1] with the usual sign homomorphism. When j = 2, take S,, to be
Sy X Cy with left projection and use the zero map for the “sign”. When 7 = 0, take
H to be the trivial group, so G is its unique double cover C2 with necessarily zero
“sign”. When ¢ = 1, take H to be C2 and G to be Cy4, with nonzero sign. In each
case we find that T*G is free over L on one irreducible in the appropriate grading,
giving the required irreducible primitive.

NOTE. It is only the case (7,5) = (1,2) which requires the construction of the
covers in [H-H2). When (,5) = (0,1), the original sequence S, of covers con-
structed by Schur gives the atomic PSH-algebra by the work in [H-H1]. The other
two cases can be verified simply by tensoring L with the Z-PSH-atom studied by
Zelevinski. Note that Zelevinski also does not directly construct his atom, but
(presumably) relies on the ring @,, R(S») to prove existence. Direct combinatorial
construction in all cases seems rather difficult. Our proof of the classification of
atoms, namely 2.4, definitely depends on the existence of atoms. A similar proof
can be used to replace Zelevinski’s proof with a superficially shorter one, first using,
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for example, Liulevicius’ Hopf algebra method [L] to establish existence of the atom
(i.e. to establish that €,, R(S,) is an atomic PSH-algebra with the correct struc-
ture). Zelevinski’s more combinatorial argument (to prove uniqueness of atomic
PSH-algebras up to regrading) uses an argument with determinants reminiscent of
a classical argument in the representation theory of the symmetric group. It would
be very interesting to see a similar more elementary proof of 2.4 not depending on
the existence of atoms with the stated structure.

In 4.3, 4.4 and the proof of 2.4 below, we shall denote the particular atoms
constructed above in 4.2 as H with generators h;. A general atom, which we wish
to prove isomorphic to one such H, will be denoted K with generators k.

DEFINITION. We say an element z of a PSH-algebra K is p-unique with respect
to a property if the only other element with the property is pz (including instances
where pz = ).

LEMMA 4.3. Let K be an atom whose irreducible primitive ky 1s in degree
((?),7). Then there is a sequence of irreducible elements (k1,ks,...) with the fol-
lowing property:

(+) hhq={

where ug = 0 when 7 + j 13 odd, and u, 13 irreducible and u, # ky in all other
caes. In the case i + j odd, the ky, are p-unique with respect to irreducibility and
satisfying (*). Furthermore

(i)

Aep +un  tf i+ 7 s odd,
kn+u, tf1+7 13 even,

Ak = { kn®1+1Qky +AY " ks ®kn_s (i 4] odd),
" Y a0 ks ® kn_s, where kg =1 (+ 7 even).
(ii) If ¢ + 7 1s odd, we have
n—1
K2 = (—1)"+1x [kgn FAY) (-1 kgkan—s | -
s=1
PROOF. The proof in the case where 7 + j is even is very similar to Zelevinski’s
[Z, pp. 29-31] with minor modifications to work over L rather than Z. We shall
leave this to the reader and concentrate on the case 7 + j odd which is harder

but does follow the pattern of Zelevinski’s proof. It is convenient to introduce the

notation
KAKe K% Ko, L=K.

Now
(kf, kD) = ((k1 ® k1, AKT))

= (k1 ® k1, (k1 ® 1+ 1® k1)?))

= ((k1 ® k1,(1+ p)k1 ® k1)) =1+ p.
(We get 1+ p rather than 2 because 7 + j is odd.) Expressing the positive element
k? in terms of irreducibles, we must have k? = Mk, for some irreducible ks, since
the only “sum of squares of positives” in L giving 1+ p is A2 = 1+ p. (Note.
There are several later arguments similar to this in this proof. In each case one
simply looks at the coefficients of 1, p and A to reduce it to questions of expressing
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integers as sums of squares in Z, each of which can be answered by (sometimes
tedious) case by case consideration. Details will be suppressed.) We must have
Aky = k2 ® 14 adky ® k1 + 1 ® ko for some nonnegative a € Z. Using (k?, ko) = A
we see that a = 1. As above, a simple calculation yields (kik2, k1ks) = p + 2.
Since the only sum of squares of positives yielding p + 2 is A2 + 12 = p+ 2, we
find k1ke = Ak3 + uz for a pair of distinct p-unique irreducibles k3 and us. It is
convenient for the induction below to proceed, as above, to find distinct irreducibles
k4, ug with k1kz = Akg + u4. For n = 2,3,4 we find
Akp =1Qkn + Ab1 ® k1 + -5 ie kiky, = Akn_1.
Now proceed inductively. Suppose n > 5 and for 2 < m < n we have found
irreducibles ky,, un, for which k1 kp—1 = Ak + upm and ki k., = Aky—1. Then
A(klkn_l) = A(kl)A(kn_l)
yields
k’;(klkn_l) =kp_1+ Ak1kn—2.
Thus

(k1kn—1,k1kn—1) = ((k1 @ kn—1,k1 ® (kn—1 + Ak1kn_2)))
= (k1, k1) (kn—1,kn—1) + A{k1, k1) (kn—1, k1kn—2)
=141 =24p

As above, we find that there are p-unique irreducibles k,, u, for which k1k,_; =
Aky, + un,. Now

AT (kr) + k3 (un) = kT (Mkn + un) = k7 (k1kn—1)
=kp—1+ Mun—1+ Aen—1) = Aup—1+ (p+ 2)kn—1.
Thus
ki(un) = aup_y + Bkn_1, ki(kn) = Yun—1 + 6kn_1
for nonnegative a, 3,7, 6 in L for which

(1) a+ Ay = A,

(2) B+A=p+2.

But A = (k1kn—1,kn) = ((k1 ® kn_1,k1 ® k3 (kn))) = 6,50 8 =1 by (2). The only
nonnegative solutions to (1) are easily seen to be (a,v) = (0,1), (0, p) and (A,0).
It remains to show that the first two possibilities lead to a contradiction. Since
n > 5, we calculate

(k2kp_9,k2kn_2) =Tp+T=TA2, (kikn_2,kikn_1) = 4A.

Writing k?ky,_2 = ¢u, + Yk, + Yo 9ata, summation over irreducibles u, distinct
from u,, and k, and with ¢, 1, 8, all nonnegative, we find

p+vA=4), S+’ +) O =Tp+T.
a

Considering the five possibilities ¢ = tA, 0 < t < 4, leads to a unique solution
¢ =2\ 1% =p+1, 0, =0 for all but one o and 6, = X for that a. This yields
k%kn,_3 = 2)up, + (p + 1)ky + Aw for some irreducible w distinct from u, and k,.
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This gives (k?k,_2,kn) = p + 1. But the first two possibilities (a,7) = (0,p%): =0
or 1 would yield ki (kn) = p'un—1 + Akpn—1 = p*k1kn_2, giving
(kkn_2,kn) = ((k1 ® k1kn—2, k1 ® p'k1kn_2))

= P’(kl kn—2,k1 kn—2>

_ { p+2 ifi=0,

T 142 ifi=1
Neither of these is p + 1. Hence (a,7v) = (A,0) and in particular kjk, = Akp_1,
completing the induction.

To prove (i), we must show for n > 1 and 0 < s < n that k}k, = Akn—s and
that w*k, = 0 for all irreducibles w of Z-degree s other than the k;. Now by
induction on s, we get (k§,ks) = A°71, s0 k{ = A*" ks + ), 0o2, summation
over all irreducibles z, other than ks of Z-degree s. By Corollary 3.4, each 6, is a
strictly positive element of L. We find that

Akn—s = (k1)°(kn) = (k1)*(kn) = ’\s—lk;(kn) + Z 0o g, (kn)-

Since all terms on the right are positive, we must have

k; (kn) = Ykn—s, xa(kn) = Bakn-s
for nonnegative v and B, in L for which

XTI+ Y faBe = X°
[+

But 4 = a) for some integer a > 0. In fact a > 0, since k} (ky) # 0, since
(K %)" (k3) (k) = K2 (K1) (kn) = KS(APk) = X" 0.

But aA® + ), 0.8« = A° for positive a € Z, positive 6, € L and nonnegative
Ba € L is only possible for a = 1 and 8, = 0 for all a. This completes the proof of
().

To prove (ii), we need the following calculations which are straightforward now
that Ak, is known:

(kskn—s,kn) =X for1<s<mn;
(kskn—s,kskn—s) = (25 —1)A2+1 for 1 < s <n/2;
(3) (kskn—s, kikn—_t) = 25A% for 1< s<t<n/2
(4) (k2 kskon_s) =28X° for 1< s < n/2;
(kgn k?z) =(2n - 1)’\2; (krzu kan) = A
The required identity is immediate from the equations in the propositions below,
which we state separately to provide some information on explicit decompositions

into irreducibles of the basis {k,: @ € D} in the easiest case, that is, for partitions
a of length 2.

PROPOSITION 4.4. For each n > 2, there i3 a finite sequence ky,y1,y2,... of
distinct irreducibles such that if 1 < s < n/2

s—1

kskn—s=ys+(p+1) E Yt + Akp.
t=1
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This equation defines the y; “p-uniquely.” Furthermore, when n = 2,
-1
K= (p+1)D_ ye + Mear.
t=1
PROOF. For s = 1, we take y; = u,. Proceeding by induction on s suppose
Y1,---,Ys—1 have been constructed, are irreducible, distinct from each other and
from k,, and such that
r—1
krknr =yr +(p+1)D_ye+ Akn for 1<r<s.
i=1
Now (kskn—s,kn) = A and repeated application of (3) yields
(kskp_s,yr) =A2=p+1 for1<r<s.

Thus kekn—s = w+(p+1) 35— 1 34+ Ak, for some nonnegative w for which (w, y;) =
0 for t < s and (w, k,) = 0. Now

(25 —1)(p+1) + 1 = (kskn_s, kskn_s) = (w,w) + (s — 1)(p+ 1)% + A%,

Thus (w,w) = 1, so let y; = w. To prove the formula for k7, a repeated application
of (4) yields (k¥,y:) =p+1for1 <t<l,sokl=v+(p+1) Ei;i Yt + Akg for
some nonnegative v. But now

(,0) + (1= D)(p+1)2 + 22 = (k?,kZ) = (21 — 1))?,

so (v,v) = 0 and thus v = 0 as required.

PROOF OF THEOREM 2.4. By mapping h, to k,, where h, € H is an atomic
PSH-algebra with the desired structure and k,, € K, a given atom, we get in every
case a unique homomorphism of graded algebras §: H — K. (In the case of 7 + 7
odd, the k,, satisfy the pseudocommutativity relations by definition and the squar-
ing relations by 3.3, and the h, satisfy no other independent relation, so 6 is well
defined). We wish to prove that 6 is an isomorphism of L-PSH-algebras. Because
the formulae for Ah,, and Ak, are “the same” and A is an algebra homomorphism,
we see that 6 is a morphism of coalgebras. Furthermore, for any partitions a and
B, with distinct parts, we have

<kaa kB)K = (ha) h‘ﬂ)Ha

basically because these are calculated using the formula for A. (For example, when
i+ 7 is odd, the answer is 3~ , A*(4), summation over the set of matrices with
nonnegative integer entries, row sums a, column sums 3, with n(A) equal to twice
the number of positive entries in A less the length of « less the length of 8.) Thus
we have (fa,0b) k = (a,b)y for all a and b in H. Now let

s . o € P when ¢ + 5 is even

* | @ € D when ¢ + 7 is odd
be the p-unique orthonormal basis over L for H. Here P is the set of all partitions,
D of all partitions into distinct parts. Thus {fs,} is an orthonormal basis for

Im#. In particular, # is a monomorphism and Im#é is a T-submodule of K. But
by Corollary 3.4, any irreducible z € K satisfies (z, k}) # 0 for some n, so z lies in
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Im 6 = Alg{k,} rather than in the T-complement of Imf. So that complement is
0, and Im# = K. We now have that 6 is an inner product preserving isomorphism
of Hopf algebras. But since § maps the positive basis {hq} to the positive basis
{kqa}, it must send irreducibles to irreducibles rather than their negatives, and so
6 is an isomorphism of L-PSH-algebras.
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